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Abstract
We study a minimal property of absolutely representing systems of exponentials EΛ = (eλk z) in the
space A−∞(Ω) of holomorphic functions in a bounded convex domain Ω of the complex plane C, with
polynomial growth near the boundary. A relationship between the absolutely representing property and
absolutely nontrivial expansions of zero in A−∞(Ω) is also investigated.
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1. Introduction
Let Ω be a convex bounded domain in C and suppose that dΩ (z) := infζ∈∂Ω |z − ζ |, z ∈ Ω .
The space A−∞(Ω) of holomorphic functions in Ω with polynomial growth near the boundary
∂Ω is defined as follows:
A−∞(Ω) := { f ∈ O(Ω) : ‖ f ‖n,Ω := sup
z∈Ω
| f (z)|[dΩ (z)]n <∞ for some n ∈ N}
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and equipped with its natural inductive limit topology. Here, as usual, O(Ω) denotes the space
of holomorphic functions in Ω endowed with the compact–open topology.
The function space A−∞(Ω) attracts great attention from mathematicians. A series of
problems, such as those of the zero sets and closed ideals, the interpolating and sampling sets, the
weakly sufficient and sufficient sets, the densities, the dualities, the convolution equations, etc.,
have been investigated intensively. Most works concentrated on the model case when Ω = D,
the unit disk in the complex plane. For general domains Ω there are several articles in both one
and higher dimensions. We refer the reader to [6,8–10,15] and references therein for detailed
information.
One of the interesting questions is that of the possibility of the representation of functions
from A−∞ in terms of simpler functions, like exponential functions or rational functions.
In [5, Theorem 4.3] it was shown that in the space A−∞(Ω) there always exists an absolutely
representing system (for short, ARS) of exponentials EΛ = (eλk z)∞k=1, where the sequence
of complex frequencies Λ := (λk)∞k=1 ⊂ C satisfies the condition λk → ∞ as k → ∞.
Equivalently, any function f ∈ A−∞(Ω) can be represented in the form of a Dirichlet series
f (z) =
∞−
k=1
ckeλk z, z ∈ Ω ,
which converges absolutely in the topology of A−∞(Ω), that is
∞−
k=1
‖ckeλk z‖n,Ω <∞
for some n ∈ N.
Note that EΛ is never a basis in A−∞(Ω). Indeed, say a function f (z) = z ∈ A−∞(Ω) can be
represented in the form
z =
∞−
k=1
ckeλk z, z ∈ Ω .
The series converges absolutely in the topology of A−∞(Ω), and, therefore,
1 =
∞−
k=1
ckλkeλk z, z ∈ Ω ,
which shows that ck0λk0 ≠ 0 for some k0. The last equality in turn gives
0 =
∞−
k=1
ck(λk)
2eλk z, z ∈ Ω ,
where ck0(λk0)
2 ≠ 0.
Thus we see that each ARS EΛ in A−∞(Ω) admits an absolutely nontrivial expansion of zero,
i.e., there exists some sequence of complex coefficients (dk)∞k=1, not all zero, such that
∞−
k=1
dkeλk z = 0, z ∈ Ω ,
where the series converges absolutely in A−∞(Ω). It should be noted that the inverse implication,
in general, is not true. That is, a system EΛ which admits an absolutely nontrivial expansion of
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zero in the space A−∞(Ω) is not necessarily absolutely representing in this space. Such a system
EΛ can be easily constructed.
The absolutely representing system EΛ in the space A−∞(Ω) has the following remarkable
property: we can remove from EΛ any finite number of elements and the “reduced” system still
remains absolutely representing in A−∞(Ω). For showing this, suppose that
P(λ) :=
n∏
k=1
(λ− λk) =
n−
m=0
pmλ
m,
and
T := TP : f −→
n−
m=0
pm f
(m)
denote a differential operator of order n generated by the polynomial P(λ). By [3, Corollary 1.3]
(see also [4, Proposition 4.3]), T acts continuously from A−∞(Ω) onto itself.
Then for each f ∈ A−∞(Ω) there exists g ∈ A−∞(Ω) such that T g = f . Since EΛ is an
ARS in A−∞(Ω), we can have an expansion
g(z) =
∞−
k=1
ckeλk z, z ∈ Ω ,
which converges absolutely to g in A−∞(Ω).
Applying T to this expansion and using the fact that T (eλz) = P(λ)eλz for every λ ∈ C, we
obtain the following absolutely convergent expansion for f in A−∞(Ω):
f (z) = (T g)(z) =
∞−
k=1
ck P(λk) eλk z =
∞−
k=n+1
ck P(λk)eλk z, z ∈ Ω .
This means that the system EnΛ := {eλk z}∞k=n+1 is absolutely representing in A−∞(Ω).
On the other hand, there exist ARS in A−∞(Ω) such that after removing some infinite
subsystem they still remain absolutely representing in A−∞(Ω). Indeed, let Λ = (λk) be a
sequence of frequencies for which the system EΛ is absolutely representing in A−∞(Ω). Take
an arbitrary sequence of complex numbers Λ′ = (λ′k). Then the “adjoining” system EΛ∪Λ′ is
of course absolutely representing in A−∞(Ω). Obviously, this newly obtained system has the
property stated above, because in this case we can remove the sequence Λ′ from Λ∪Λ′ to return
to the ARS EΛ in A−∞(Ω).
These observations lead us to the following definition.
Definition 1.1. An absolutely representing system EΛ = (eλk z)∞k=1 in A−∞(Ω) is called minimal
if it is no longer an absolutely representing system in A−∞(Ω) upon removing any infinite
subsystem.
In this paper we study a minimal absolutely representing system of exponentials EΛ for
A−∞(Ω) in the most interesting case when Λ is the zero set of some entire function with certain
growth condition.
To formulate our main results, let A+∞Ω denote the space of all entire functions L in C such
that, for some p = p(L) and C = C(L),
log |L(λ)| ≤ HΩ (λ)+ p log(1+ |λ|)+ C for all λ ∈ C, (1.1)
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where HΩ denotes the supporting function of the convex domain Ω , HΩ (λ) := supz∈Ω Re zλ,
λ ∈ C.
The first and also the key result, which plays a crucial role in both the statement and the proof
of other main results, gives a complete description of all ARS EΛ in A−∞(Ω) with Λ being a
subset of the zero set of some function L ∈ A+∞Ω .
Theorem 1.2. Suppose that L ∈ A+∞Ω and L(λk) = 0 for all k ∈ N. The following assertions
are equivalent:
(1) EΛ is an ARS in A−∞(Ω);
(2) EΛ admits an absolutely nontrivial expansion of zero in A−∞(Ω);
(3) L satisfies the following conditions:
(i) there exist p0 ∈ N and a sequence of pairwise disjoint disks
Bk := {λ ∈ C : |λ− µk | < rk}, µk →∞,
∞−
k=1
rk <∞,
such that
log |L(λ)| ≥ HΩ (λ)− p0 log(1+ |λ|), λ ∉
∞
k=1
Bk;
(ii) L has only a finite number of zeros which are not in Λ and
lim inf
k→∞
log |L ′(λk)| − HΩ (λk)
log(1+ |λk |) > −∞.
Remark 1.3. The first condition in (3) may be replaced by:
(i′) there exist p0 ∈ N and a sequence 0 < (Rk) ↑ +∞ such that
log |L(λ)| ≥ HΩ (λ)− p0 log(1+ |λ|), |λ| = Rk, k ∈ N.
Remark 1.4. A connection between ARS of exponentials and the existence of absolutely
nontrivial expansion of zero was established for several spaces of holomorphic functions by many
authors. Here we mention only the most significant papers, by Brown et al. [7], Korobeinik [11]
and Leont’ev [13]. A version of the general approach to this problem was developed in [2]. It
should be noted that all those papers concerned Fre´chet and Fre´chet–Schwartz spaces, while
in our case we have the dual situation, as A−∞(Ω) is a dual Fre´chet–Schwartz space, for
short (DFS)-space (we refer the reader to [17,14] for information on these notions in detail).
To our knowledge, for (DFS)-spaces in general, and for the space A−∞(Ω) in particular, this
relationship has never been treated before.
The next result shows that each ARS EΛ in A−∞(Ω) whose frequencies (λk)∞k=1 are zeros
(not necessarily all zeros) of some function from A+∞Ω is minimal for A
−∞(Ω).
Theorem 1.5. Let EΛ be an ARS in A−∞(Ω). If there exists a function L ∈ A+∞Ω such that Λ is
a subset of its zero set, then EΛ is a minimal ARS for A−∞(Ω).
Finally, we prove that the class of minimal ARS is always nonempty.
Theorem 1.6. For each bounded convex domain Ω in C there exists a minimal ARS EΛ in
A−∞(Ω), where (λk)∞k=1 are all simple zeros of some function L ∈ A+∞Ω satisfying conditions
(3) of Theorem 1.2.
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2. Auxiliary results
To prove the main theorems we need several lemmas.
Lemma 2.1. The original inductive limit topology in A−∞(Ω) is finer than the topology of
uniform convergent on each compact subset of Ω .
Proof. Since for each compact set K ⊂ Ω and every n ∈ N
max
z∈K | f (z)| ≤

1
dist(K , ∂Ω)
n
‖ f ‖n,Ω , ∀ f ∈ A−∞(Ω),
this implies that A−∞(Ω) ↩→ O(Ω), where ↩→ is the symbol for continuous embedding. 
Lemma 2.2 ([5, Lemma 2.2]). Let Ω contain the origin of coordinates and suppose that
r := min|λ|=1 HΩ (λ), R := max|λ|=1 HΩ (λ), An := min
r
e
n
,
 nr
eR
n
.
Then
An
eHΩ (λ)
(1+ |λ|)n ≤ ‖e
λz‖n,Ω ≤ eR
n
e
n eHΩ (λ)
(1+ |λ|)n , ∀λ ∈ C. (2.1)
Lemma 2.3. If a Dirichlet series
∞−
k=1
ckeλk z (2.2)
converges in the space A−∞(Ω), then
lim sup
k→∞
log |ck | + HΩ (λk)
log(1+ |λk |) <∞. (2.3)
Conversely, if condition (2.3) holds and, in addition, (λk) satisfies
lim sup
k→∞
log k
log(1+ |λk |) <∞, (2.4)
then Dirichlet series (2.2) converges absolutely in A−∞(Ω).
Proof. Necessity. Suppose that the series (2.2) converges in A−∞(Ω). Recall that A−∞(Ω) =
lim ind A−n(Ω), where
A−n(Ω) :=  f ∈ O(Ω) : ‖ f ‖n,Ω <∞ (n ∈ N)
are Banach spaces and the inclusion of A−n(Ω) in A−(n+1)(Ω) is compact for each n ∈ N. Thus
A−∞(Ω) = lim indA−n(Ω) is a (DFS)-space. Then there exists n ∈ N such that (2.2) converges
in A−n(Ω). Hence there is a positive constant M <∞ such that
‖ckeλk z‖n,Ω ≤ M, ∀k ≥ 1,
which, in view of (2.1), implies that
An|ck | e
HΩ (λk )
(1+ |λk |)n ≤ M.
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Thus,
lim sup
k→∞
log |ck | + HΩ (λk)
log(1+ |λk |) ≤ n,
which gives (2.3).
Sufficiency. Let conditions (2.3) and (2.4) hold. By (2.3), there is n > 0 such that for all k ≥ 1
log |ck | + HΩ (λk)
log(1+ |λk |) ≤ n,
or equivalently,
|ck | ≤ (1+ |λk |)ne−HΩ (λk ). (2.5)
Furthermore, (2.4) shows that there is M > 0 such that for all k ≥ 1
log k
log(1+ |λk |) ≤ M,
or equivalently,
1
(1+ |λk |)2M ≤
1
k2
. (2.6)
So taking into account (2.1), from (2.5) and (2.6) it follows that for all k ≥ 1 and q ≥ 2M+n,
|ck | ·
eλk zq,Ω ≤ (1+ |λk |)ne−HΩ (λk ) · eR qe q eHΩ (λk )(1+ |λk |)q
≤ e
R
 q
e
q
(1+ |λk |)q−n ≤
eR
 q
e
q
(1+ |λk |)2M ≤
eR
 q
e
q
k2
.
From this it follows that
∞−
k=1
|ck |‖eλk z‖q,Ω <∞.
Therefore, the series
∑∞
k=1 ckeλk z converges absolutely in A−q(Ω), and hence in A−∞(Ω). 
Lemma 2.4 ([5, Proposition 4.2]). Suppose that Λ = (λk)∞k=1, λk → ∞. The system EΛ is an
ARS in A−∞(Ω) if and only if
∀ℓ ∈ N ∃m = m(ℓ) ∈ N, ∃C = C(ℓ) > 0 :
| f |ℓ := sup
λ∈C
| f (λ)|(1+ |λ|)ℓ
eHΩ (λ)
≤ C sup
k≥1
| f (λk)|(1+ |λk |)m
eHΩ (λk )
, ∀ f ∈ A−∞Ω , (2.7)
where A−∞Ω := { f ∈ O(C) : | f |ℓ < ∞, ∀ℓ ∈ N}, the space dual to A−∞(Ω); or in other
words, if and only if Λ = (λk)∞k=1 is the so-called sufficient set for the dual space A−∞Ω .
3. Proofs of the main results
In this section we prove our main results.
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3.1. Proof of Theorem 1.2
W.l.o.g. we can assume that 0 ∈ Ω and |λ1| ≤ |λ2| ≤ · · · . Since L is an entire function of
exponential type,
lim sup
k→∞
k
|λk | <∞. (3.1)
Note that (3.1) implies (2.4), as well as
∆Λ :=
∞−
k=1
1
(1+ |λk |)2 <∞. (3.2)
• (1) H⇒ (2).
We have already proved this implication in the Introduction.
• (2) H⇒ (3).
Suppose that in the space A−∞(Ω) there exists an absolutely nontrivial expansion of zero
∞−
k=1
dkeλk z = 0. (3.3)
By Lemma 2.3, the coefficients of this expansion satisfy (2.3). Then there exist m ∈ N and A > 0
such that
|dk | ≤ A(1+ |λk |)me−HΩ (λk ), ∀k ∈ N. (3.4)
Consider the following expression:
ϕλ(z) =
∞−
k=1
dkeλk z
λ− λk L(λ), z ∈ Ω , λ ∈ C. (3.5)
We show that the series in the right-hand side is well defined for any λ ∈ C.
Fix λ ∉ Λ = (λk). By (2.1) and (3.4), we have
|dk | ‖e
λk z‖n,Ω
|λ− λk | |L(λ)| ≤ A|L(λ)|e
R
n
e
n · 1|λ− λk | · 1(1+ |λk |)n−m ,
for any k, n ∈ N.
Taking n = m + 2 and using the fact that limk→∞ 1|λ−λk | = 0, we obtain
|dk | ‖e
λk z‖n,Ω
|λ− λk | |L(λ)| ≤ A(λ)
1
(1+ |λk |)2
with some constant A(λ). This shows that the series
∑∞
k=1 dk e
λk z
λ−λk L(λ) converges absolutely in
A−∞(Ω).
Now for λ = λk we set L(λ)λ−λk

λk
:= L ′(λk). Then we see that the series (3.5) converges
absolutely in A−∞(Ω) for all λ ∈ C and its sum equals dk L ′(λk)eλk z at λ = λk . By Lemma 2.1,
it also converges absolutely inO(Ω). Consequently, we can differentiate termwise (3.5) to obtain
ϕ′λ(z) =
∞−
k=1
dk
λkeλk z
λ− λk L(λ) = λϕλ(z)−
∞−
k=1
dkeλk z L(λ).
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By (3.3), we have ϕ′λ(z) = λϕλ(z). Therefore, for every λ ∈ C there exists a constant D(λ) such
that ϕλ(z) = D(λ)eλz . Thus we arrive at
D(λ)eλz =
∞−
k=1
dk
eλk z
λ− λk L(λ), z ∈ Ω , λ ∈ C, (3.6)
in which D(λk) = dk L ′(λk) for each k ∈ N.
We estimate the function D(λ) where λ is not in the following set of disks:
U =
∞
k=1

λ ∈ C : |λ− λk | < 1
(1+ |λk |)2

. (3.7)
From (3.2) it follows that U has a finite sum of radii. By the same arguments as above, we can
obtain that for any n ∈ N and λ ∉ U
|dk | ‖e
λk z‖n,Ω
|λ− λk | |L(λ)| ≤ A|L(λ)|e
R
n
e
n · (1+ |λk |)m
(1+ |λk |)n|λ− λk |
≤ A|L(λ)|eR
n
e
n · (1+ |λk |)m+2
(1+ |λk |)n .
Taking n = m + 4, we have
|dk | ‖e
λk z‖n,Ω
|λ− λk | |L(λ)| ≤ Ae
R
n
e
n · |L(λ)|
(1+ |λk |)2 , for all k ∈ N and λ ∉ U. (3.8)
Since L(λ)
λ−λk are entire functions, U has a finite sum of radii and the topology in A
−∞(Ω) is
finer than the topology of pointwise convergence (Lemma 2.1), from (3.2) and (3.8) it follows
that for any z ∈ Ω the series ∑∞k=1 dk eλk zλ−λk L(λ) converges uniformly with respect to λ on each
compact subset of C. Hence, D(λ) is an entire function which satisfies the following estimate
(here we use again (3.8)):
|D(λ)|‖eλz‖n,Ω ≤ ∆ΛAeR
n
e
n |L(λ)|, λ ∉ U, (3.9)
where n = m + 4.
By (1.1) and (2.1), we obtain, for the same n and λ,
|D(λ)| ≤ ∆ΛAeR
n
e
n |L(λ)|
‖eλz‖n,Ω ≤
∆ΛA
An
eR
n
e
n
eC (1+ |λ|)p+n .
Since U has a finite sum of radii, the last inequality shows that D is a polynomial of degree at
most p + n = p + m + 4. Consequently, there exists R0 > 0 and c0 > 0 such that |D(λ)| ≥ c0
for all |λ| ≥ R0.
From this and (3.6) it follows that L has only a finite number (there may be none) of zeros,
which are not in Λ, lying in the disk |λ| < R0.
Furthermore, take k0 so large that |λk0 | ≥ R0. Then from D(λk) = dk L ′(λk) (k ∈ N) we have
dk ≠ 0 and L ′(λk) ≠ 0 for all k ≥ k0. Hence, λk (k ≥ k0) are simple zeros of L . By (3.4), we
get
|L ′(λk)| = |D(λk)||dk | ≥
c0eHΩ (λk )
A(1+ |λk |)m , k ≥ k0.
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Consequently,
lim inf
k→∞
log |L ′(λk)| − HΩ (λk)
log(1+ |λk |) ≥ −m,
which gives condition (ii) in (3).
We show now that condition (i) in (3) is also satisfied. From (3.9) it follows that, for all λ ∉ U
with |λ| ≥ R0 (and n = m + 4),
|L(λ)| ≥ |D(λ)|‖e
λz‖n,Ω
∆ΛAeR
 n
e
n ≥ c0 AneHΩ (λ)∆ΛAeR  ne n (1+ |λ|)n ,
or
log |L(λ)| ≥ HΩ (λ)− n log(1+ |λ|)− A1,
where
n = m + 4 and A1 := log ∆ΛAc0 An + R + n log
n
e
.
Taking R1 ≥ R large enough and putting U1 := U {λ : |λ| < R1} and p0 := n + 1, we obtain
log |L(λ)| ≥ HΩ (λ)− p0 log(1+ |λ|), λ ∉ U1.
Since U1 has a finite sum of radii, to finish the checking it suffices to note that by [12, Lemma 1
and Remark 2] there exists a sequence of pairwise disjoint disks
Bk := {λ ∈ C : |λ− µk | < rk} with µk →∞
containing U1 such that
∞−
k=1
rk ≤ ∆Λ + R1.
• (3) H⇒ (1).
We make use of Lemma 2.4. Define
| f |n,Λ := sup
k≥1
| f (λk)|(1+ |λk |)n
eHΩ (λk )
, f ∈ A−∞Ω , n ∈ N.
Suppose that B :=∞k=1 Bk , where Bk are the disks taken from condition (i) in (3). By condition
(ii) in (3), there exist p1 ∈ N and k0 ∈ N such that
log |L ′(λk)| ≥ HΩ (λk)− p1 log(1+ |λk |) for all k ≥ k0
and L has only a finite number of zeros which are not in Λ, denoted by λ0, λ−1, . . . , λ−n0 .
Form the polynomial
P(λ) :=
k0−1∏
−n0
(λ− λ j )q j ,
where q j is the multiplicity of λ j as a zero of L . Since P has roots only in {λ : |λ| ≤
max−n≤ j≤k0−1 |λ j |}, there are positive constants 0 < a0 ≤ A0 such that a0|λ|q ≤ |P(λ)| ≤
A0|λ|q ,∀|λ| ≥ 1 + max−n≤ j≤k0−1 |λ j |. From this we can easily see that the entire function
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L0(λ) := L(λ)/P(λ) satisfies the following three relations:
log |L0(λ)| ≤ HΩ (λ)+ (p − q) log(1+ |λ|)+ C + C1 for all λ ∈ C, (3.10)
where p is taken from (1.1), q :=∑k0−1−n q j , and C1 is some constant;
log |L ′0(λk)| ≥ HΩ (λk)− (p1 + q) log(1+ |λk |)− C2 for all k ≥ k0, (3.11)
where C2 is some constant;
log |L0(λ)| ≥ HΩ (λ)− (p0 + q) log(1+ |λ|)− C3 for all λ ∉ B1, (3.12)
where B1 := B{λ : |λ| < 1+max−n≤ j≤k0−1 |λ j |} and C3 is some constant.
Since B1 has a finite sum of radii, there exists a sequence 0 < (Rn)∞n=1 ↑ +∞ such that
λ ∉ B1 for all |λ| = Rn, n ∈ N. By the standard arguments (see, e.g., [13, pp. 526–530],
or [1, Lemma 3]), from this, and (3.11) and (3.12), it follows that for every f ∈ A−∞Ω it always
holds that
f (λ) =
∞−
k=k0
f (λk) L0(λ)
L ′0(λk)(λ− λk)
, λ ∈ C.
Since λs f (λ) ∈ A−∞Ω for any s ∈ N0 and f ∈ A−∞Ω , we have that
λs f (λ) =
∞−
k=k0
λsk f (λk) L0(λ)
L ′0(λk)(λ− λk)
, λ ∈ C.
Given ℓ ∈ N, put
U = ∞
k=k0

λ ∈ C : |λ− λk | < 1
(1+ |λk |)2

and take s = p + q + ℓ,m = s + p1 + q + 4. Then, by (3.2), (3.10) and (3.11), we see that for
all λ ∉ U ,
|λ|s | f (λ)| ≤ | f |m,Λ
∞−
k=k0
|λk |s eHΩ (λk )|L0(λ)|
|L ′0(λk)|(1+ |λk |)m−2
≤ ∆ΛeC2 |L0(λ)|| f |m,Λ ≤ ∆ΛeC4(1+ |λ|)p+qeHΩ (λ)| f |m,Λ,
where C4 := C + C1 + C2. Therefore,
| f (λ)| ≤ ∆ΛeC42s e
HΩ (λ)
(1+ |λ|)ℓ | f |m,Λ, ∀λ ∉
U , |λ| ≥ 1.
Since U {λ : |λ| < 1} has a finite sum of radii and does not depend on f , from this it follows
that there is a constant C0 depending only on ℓ and Ω such that
| f (λ)| ≤ C0 e
HΩ (λ)
(1+ |λ|)ℓ | f |m,Λ, ∀λ ∈ C.
Hence, | f |ℓ ≤ C0| f |m,Λ for all f ∈ A−∞Ω . By Lemma 2.4, EΛ is an absolutely representing
system for A−∞(Ω). 
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3.2. Proof of Theorem 1.5
Suppose that Λ0 is a subsequence of Λ for which EΛ0 is an ARS in A−∞(Ω). By Theorem 1.2
(condition (ii) in (3)), we can conclude that L has only a finite number of zeros which are not in
Λ0, and so the set Λ \ Λ0 is finite. This shows that we cannot remove any infinite subset from Λ
keeping the absolute representing property. Thus EΛ is a minimal ARS for A−∞(Ω). 
3.3. Proof of Theorem 1.6
From [16, Theorem 4] it follows that there exists an entire function L having the following
properties:
(a) L ∈ A+∞Ω ;
(b) all zeros (λk)∞k=1 of L are simple;
(c) there are constants d > 0 and γ < 0 such that the disks
Dk := {λ : |λ− λk | ≤ d|λk |γ }
are pairwise disjoint and there is p0 ≥ 0 such that
log |L(λ)| ≥ HΩ (λ)− p0 log(1+ |λ|)− p0, ∀λ ∉
∞
k=1
Dk . (3.13)
Let us check that (a)–(c) imply (3) in Theorem 1.2.
Fix any γ < γ − 1 and, for |λk | ≥ 2+ 2d , replace the disks Dk byDk := {λ : |λ− λk | ≤ d|λk |γ } ⊂ Dk .
Put Dk = Dk for |λk | < 2 + 2d (there are only a finite number of those λk). Then the new disks
are pairwise disjoint and
1
2
|λk | ≤ |λ| ≤ 32 |λk |, ∀λ ∈
Dk \ Dk . (3.14)
We claim that there exists p1 ≥ p0 such that
log |L(λ)| ≥ HΩ (λ)− p1 log(1+ |λ|)− p1, ∀λ ∉
∞
k=1
Dk . (3.15)
To show this, note that conditions (b) and (c) imply that the entire function L(λ)
λ−λk has no zeros in
Dk . Consequently, the function log
 L(λ)λ−λk  is harmonic in some neighborhood of Dk . Using this,
and (3.13) and (3.14), we have for λ ∈ Dk \ Dk
log |L(λ)| = log
 L(λ)λ− λk
+ log |λ− λk |
≥ min
µ∈∂Dk
log
 L(µ)µ− λk
+γ log |λk | + log d
= min
µ∈∂Dk
log |L(µ)| + (γ − γ ) log |λk |
≥ min
µ∈∂Dk
(HΩ (µ)− p0 log(1+ |µ|))− p0 + (γ − γ ) log |λ| + (γ − γ ) log 2
≥ HΩ (λ)− p1 log(1+ |λk |)− p1,
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where p1 ≥ p0 + γ − γ is some constant which does not depend on λ and k. This gives (3.15).
To obtain condition (i) of (3) it remains to note that γ < −1 and use (3.1) to get that the disks
(Dk)∞k=1 have a finite sum of radii.
Using again the harmonicity of log
 L(λ)λ−λk  in some neighborhood of Dk , we have
log |L ′(λk)| ≥ min
λ∈∂Dk
log
 L(λ)λ− λk

≥ log 1
d|λk |γ + minλ∈∂Dk(HΩ (λ)− p0 log(1+ |λ|))− p0
≥ HΩ (λk)− p0 log(1+ |λk |)− P0,
where P0 is some constant depending only on d,Ω and p0. Hence,
lim inf
k→∞
log |L ′(λk)| − HΩ (λk)
log(1+ |λk |) ≥ −p0,
which gives condition (ii) of (3).
Thus the set Λ := (λk)∞k=1 satisfies conditions (3) of Theorem 1.2, and therefore, EΛ is an
ARS for A−∞(Ω). Moreover, by Theorem 1.5, this ARS is minimal. 
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